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COMPRESSIBLE-FLOW SOLUTIONS FOR THE ACTUATOR DISK

By James B. Delasno and John L. Crigler
SUMMARY

Generalized solutions for the actuator disk in subsonic compress-
ible flow have been obtained and the compressible- and incompressible-
flow phenomens are compared. The results show large differences in the
flow variables across the disk.

Two primary types of solutions were obtalned: one wherein the flow
immediately behind the disk is subsonlic and the other wherein this flow
is supersonic. TFor the subsonic wake, the maximum efficiencles for com-
presslible and incompressible flow are the same up to choked flow. The
maximm efficiencies for the supersonic wake are lower than for the sub-
sonic wake but this dlfference decreases ag the free-stream Mach number
gpproaches 1.0.

The use of actuator disks in tandem is one method of delaying the
large losses in efficlency assoclated with choked flow, especislly at
low values of Mach number and high loadings. A level of efficiency
almost as high as for incompressible flow could be maintained until the
flow in all disks became choked. A single asctustor disk gives the ideal
efficiency only for power loadings up to those required to choke the flow.

INTRODUCTION

The simple momentum theory has been used to great advantege in
analyzing propeller problems and predicting propeller efficiencies for
known operating conditions. In the simple momentum theory the propeller
has been treated as an actuator disk in incompressible flow with the
thrust of the propeller uniformly distributed over the disk and with a
constant axisl interference velocity over the disk. Since, in practice,
propellers must operate in compressible flow, it was felt that an exten-
gion of the actuator-disk theory to compressible flow might prove useful.
Consequently, the simple momentum theory for an actuator disk has been
extended to compressible flow besed on what eppear to be the loglcal
aessumptions.
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If & large pressure change is assumed to occur across the disk and
this change occurs isentropically, then a large density change must also
occur. Under these conditions, obviously, an increase in density across
the disk must also be accompanied by a decrease in veloclty through the
disk to satisfy the conservation of mass flow. Solutions for the actu-~
ator disk in compressible flow are presented In reference 1 for one Mach
nunber end for a limited range of power loasding. The study of refer-
ence 1 did not include the possibility that the flow anywhere in the
stream have s Mach number greater than 1.

A more comprehensive study of the flow phenomens and performance
characteristics for an actuator disk in compressible flow 1s presented
herein. The scope of the treatment has been extended to include the
effect of entropy changes associated with profile and shock losses. In
addition, a study is made of the conditions under which the flow in the
slipstream exceeds a Mach number of 1.0, and the performance of the disk
is calculated.

SYMBOLS
1/2
1AY
a speed of sound, (7?) s ft/sec
A slipstream cross-sectional area
E total energy, ft-1b/slug

acceleration of gravity

H total pressure, lb/sq ft
m mass flow, slug/sec
M Mach number in slipstream
M Mach number behind normal shock
P static pressure, 1b/sq £t
Ap static-pressure rise through disk, Py = Py lb/sq £t
P total power added to slipstream by actuator disk, ft-lb/sec
Py power producing thrust, ft—lb/sec
SSRGS
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Po power expended in profile or shock losses in the disk,
ft-1b/sec
P power disk-losding coefficient, — o
Lo Vo°
2°0%0 M1
P er disk-loading coefficlent b1
o P * Iy 3A
2°0%0 M1
Po
Pa power disk-loeding coefficient, ——m——mm0H-
° 15 v.3A
2Fr0'0 L
P.* value of P, when the flow becomes choked
T thrust, 1b
Te thrust disk-loading coefficlent, ———2—T
0% M
v velocity in slipstream, ft/sec
¥ ratio of specific heats (for air, 1.h)
o] air density, slugs/cu £t
Vo Te
! efficiency, —m = —
P Po
Nt 1deal induced efficiency for compresgsible flow
Ny ideal induced efficiency for lncompressible fliow
ine L{y -
Tl:'-:an)
from P,, =
i 1 3
iinc
Subscripts:
0 station far shead of disk
1 station imrediately shead of disk
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2 stetion immediately behind disgk
3 station far behind disk
F conditions pertaining to front disk of disks In tandem
R conditions pertaining toc rear-digk of disks in tandem
s solution for supersonic wake

THEORY

Basic Assumptions and Considerations

The actuator digk and the stations used 1in the analysis are shown
in figure 1. The assumptions made in reference 1 are used herein. These
assumptions are:

(&) The propeller may be represented by an actuator disk of zero
thickness.

(b) The veloeity distribution over any cross sectlon of the stream-
tube passing through the disk is taken to be uniform (one-dimensional
flow ).

(¢) The energy is added to the slipstream instantaneously and
uniformly over the disk.

(&) The slipstream area is continuous through the disk so that the
crogs-sectional areas immediately shead of and immediately behind the
disk sre equal.

(e) The actuator disk introduces no rotation in the slipstream.

(f) In the final wake the static pressure returns to the free-
stream value (p3 = PO)'

(g) The flow ahead of the disk is isentropilc.

The scope of the treatment has been extended to include solutions
wherein arbitrary energy losses, such as might be assoclated with blade
profile drag, occur at the actuator disk. The soclutions presented herein
are for free-stream subsonic flows wherein the Mach number immedistely
ahead of the disk does not exceed 1.0. 1In order for M, to reach values

greater than 1.0, the slipstream must contract and then expand ahead of
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the disk (similar to the shape of a Iaval nozzle) with a Mach number
of 1.0 at the minimm cross section. This type of flow seemed highly
unlikely for a free boundary even though pressure waves from the disk
could possibly travel upstream ocutside the slipstream boundary.

The sddition of power grester than that required to produce
M; = 1.0 is assumed, therefore, to cause no further changes in the

flow upstream of the disk. With this assumption, solutions of the
problem consistent with the preceding assumptions are possible only
Tor nonisentropic flow between stations 1 and 3. Under such condi-
tions, deperding upon the assumed distribution of the losses between
stations 1 and 3 there are two possibilities: (a) the Mach number Mo

immediately behind the disk (station 2, see. fig. 1) may decrease or
(b) it may become supersonic. The possibility of & supersonic wake has
recelived some consideration in reference 2.

Solutions have been obtained under the assumption of both subsonic
and supersonic exit velocities, and the power disk loading of the prob-
aeble change from subsonie flow to supersonic flow behind the disk, for
a given stream Mach number, has been determined.

Method of Solution and Basic Equations

Subsonic wake.- Figure 1 defines the four stations in the slip-
stream studied in the course of the analysis. Free-stream conditions,
which are known, exist at station O. Statlons 1 and 2, respectively,
are immediately shead of and immediately behind the disk. The power 1s
added to the slipstream between steatlons 1 and 2. Station 3 1s in the
fingl wake where the statlic pressure ig agaln equal to the free-stream
static pressure. The problem is to determine the flow varisbles through-
out the slipstream assoclated with given free-streem conditions and power
disk loading.

The solution for a given set of operating conditions 1s obtained
when the flow variebles satisfy the thrust, energy, and continuity
reletionships. Since the relationships of the various flow variables
are not explicit, a method of successive spproximations 1s employed to
effect a solution. The following method of solution was employed.

A tentative assumption of Mach number at station 1 permits the
determination of all the flow varisbles at station 1 from igentropic
considerations. The variation of streambtube cross-sectional area with
Mach number for isentropic flow 1s given in reference 3 as
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L)
-1
Ao M11+Lz_

(1)
2

¥

The value of M; i1s never assumed to be greater than 1.0 for the final

results presented in this paper for the reasons previously stated. The
statlic pressure Py 1z obtained@ from the isentropic relations between

the total and static pressures between station C and 1 glven by

.
-1
H -1 4
Py a
and
HO = Hl (3)
The density st station 1 1s obtained from the isentropic pressure-
denslty relastion
Py [Py 1/y )
%~ \%o -

—==22 (5)

The total energy at station O 1s equal to the total energy at station 1
and is glven by

'\
Eo = By
2
EO=Y—O—-+ Y 39
2 7—190 > (6)
Vlz y Py
R
7—
1
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The flow varisbles st station 3 are found next. These varisbles
depend on the amount of energy belng added to the slipstream at the
disk, how this energy is added (isentropic or nonisentropic compression),
and the mass flow. The total energy at station 3 1s equal to that at
station 1 plus the energy added by the disk.

Since . is the power per unit mass flow added to the stream
PV
by the disk,
2 2
v, D A2 p
] o] P
o ,_r 0 3 ,_» -3 (7)

+ =
2 y -1 Py plAIVi 2 7y -1 p3
This equation can be rearranged to give
2
P vV3© - Vo

2
i} +7P,0<°_0_)
plAlvl 2 y - 1 pO 03

The total power can be divided into two parts

P =Py + Py (8)
where
P, V.2 - 7.2
i 3 0
= (9)
P1Aq Vg 2

is the power per unit mass flow required to produce thrust and
Po = 4 EQ. p_o_ - (10)
P Vy 7 -1 P \P3

is the additionsl power assccilated with entropy changes resulting from
profile or shock losses 1n the disk.

For the case where no entropy change takes place, p3 = Py and
hence Py = O. Then, only induced losses are incurred and P = Py. The
veloeity at station 3 can be obtained from equation (9). When P; is
changed to the power disk-loading coefficient Pci, the veloclty ratio

becomes



1/2

V3 Pci
Vo Ao/A1
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(11)

)
Similarly, the density ratic 39 can be obtained from equation (10)

3
which can be put in the following form:
e -1 Pe
.._0 = 1 4 (7 ) bdoz o
P3 2 Ao/Ay

glso

7D
ay = 3
f3
and the Mach number is given by
v
M3 =-E§
The total pressure ig found from
Fr
7—
Hy _ (1 7y -1 z)
=2 = + Mé
P 2
where p3 = Pg* The ares retic is given by
A3 _P0'0
b0 P3T3

(12)

(13)

(1k)

(15)

(16)

(17)

A1l the flow varisbles at station 3 have now been determined for

P is constant.

c

the assumed M; and for the given power per unit maes flow, that is,
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Conditions at station 2 are next determined by isentropic-flow
relations in working backwards from station 3 to station 2. The area
ratio A3/A2 is given by

2= 2= = (18)

When isentropic flow occurs across the disk, p3 equals Pg- The Mach
number at station 2 is determined from the area ratio

y+1
2(y-1
X [ 72 M32 (7-1)
i - -ML@ — (19)
3 1 + __—._ 2
>— %
The static pressutre Py is obtained from
2
Hp y -1, 271
- (b ) (20)
where
Hp = Hg (21)
The density at station 2 is obtained from
1/y
Pz [Pz
== (22)
3 \Po

Vo = —p'z— (23)

since A5 = As. The energy at station 2 is equal to the energy at sta-
tion 3 and is given by
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Bz = B3 B
2
E2=YE_.+__Z—P_2.
2 r-1p, & (24 )
2
V3 y P3
E3=_—+ —
2 y - 1 p3
[

The determination of the flow variables at station 2 is now complete
for the assumed value of M.

The corresponding value of thrust consistent with the assumed
value of M;, P,, and Pco is found from the sum of the pressure

forces and momentum changes across the disk

T= 1A Vy(Vz = V1) + (P2 - P)My (25)

It can be shown, however, by methods similer to those shown in refer-
ence L that the net pressure force on the £luld between stetions O and 3
mist be zero. For this condition, the thrust is given also by the change
in momentum between stations O and 3

T = plAlvl(V3 - vo) (26)

In general, the arbitrarily assumed value of M; associated with a
given value of P, and P, will not satisfy equation (26). The
o

correct final solution will be obtalned when M; has been chosen in

such e way that equations (25) and (26) give the same value of thrust.
If the thrusts given by these two independent thrust equations (25)
snd (26) are plotted against M; for given values of P, and Pco’

the intersections of the two curves wlll give the solution.

The thrust losding T/A; obtained from the two Independent thrust
equations (25) and (26) is shown plotted in figure 2 against M; for
constant values of P, PO/P, and free-stream Mach number. Three

typical cases are presented to show the typee of solutions obtsined.
In figure 2(a) there are two values of M; (one subsonic and one super-

gonic) that satisfy the two independent thrust equations; hence, there
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are two possible solutions. In line with the previous discussion, only
the subsonic values of M; will be used. 1In figure 2(b) there are no

croseings of the two thrust curves and thus no solutions. This fact
indicates that there i1s a limit to the meximum power disk loading for
which solutions can be obtalned for isentrople flow throughout the slip-
stream. For example, 1f a sufficient part of the power had gone into
losses, a solution would have been possible, such as 1s shown in fig-
ure 2(c). In figure 2{c) all conditions are the same as in figure 2(b)
except that the power loss Pg,/P (drag or shock loss) is 26.h4 percent

of the total power. In thils cese only one solution was cobtalned and
that is for My = 1.0. TIf PO/P 1g increased for the same values

of P, =and My, two solutions will be obtained, one with M; subsonic
and one with M; supersonic.

These results cen be summarized as follows: When P, 1s less
than Py*, there are two velues of M; (one subsonic and cne super-

sonic) that will satisfy the two independent thrust equations. When Pa
is equal to Pg¥*, there is only one value of M; that produces a solu-

tion, that is, M; = 1.0, and the flow is everywhere isentropic. When

Pe 1s greater than P.*, no solutions are possible unless arbitrary
Josses are introduced in the disk. These losses are sgimllar to losses
assoclated with the blade profile drag and shocks. Consequently, the
flow through the disk is no longer isentropic.

Thus far only solutions having subsonic wekes have been considered.
It will be shown later under "Results and Discussion" that there 1is =
transition from a subsonic waske to a supersonic wake at some value of
P, greater than P,*, that 1s, after the flow into the disk becomes

choked.

Supergonic wake.- In order to analyze the flow behind the disk
with a supersonic wake, the flow out of the disk is assumed to be
similar to the supersonic flow out of a nozzle in which the digcharge
or exit pressure is less than the amblent pressure at the exit. The
attendent shock formetions In the weske are discussed in detail in refer-
ence 3 (pp. 172-174). This compression gives rise to shock losses in
the wake so that the treatment used for the subsonic-wake golutions no
longer is applicable. The following method has been used to obtain the
supersonic-wake solutions.
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A1l the flow factors through station 1 have been determined since
the flow is choked. A value of Vp(Mp > 1.0) is assumed. The density

et station 2 is obtained from the contlinulty of mass flow

_P1V1
Pa vz
In general, by assuming -E, P, can be obtalined from the energy
equation
P
or
2 2
_Vo+ 7 -I-)2+£=—V2 + =L -p—z (27)
2 y -1 Pg m 2 Yy - 1pa

7P
2 =\,
and the Mach number by
V2
M=

The thrust ie given by the sum of the pressure forces and momentum
changes across the disk

+3

D, - P
E:vz_vl+..§_._l
A

which is another form of equation (25). The efficiency i1s given by

T
)
Tl=

El*dl
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The power disk-loading coefficient is given by

A9

EId
’._l

o
"

c 2
0
2

<

The solution for obtaining all the flow varigbles across the disk,
the efficiency, and power disk-loading coefficlent is now complete. It
is not necessary to make a detailed analysls of a balance of energy and
thrust by comparing the total energy and thrust at stations 2 and 3.

The arbitrary assumption of Vé and g- produces an infinite num-

ber of solutions which 1n general do not represent the meximm-efficliency
case. The maximum efficiency, however, 1s of particular interest and
occurs when the flow through the disk 1s isentrople. TFor this case, Py

is obtalned from the isentropic pressure-density relation

7
__[P2

The value of 2_ corresponding to thils i1sentropic process can now be
obtained directly from equation (27). It is to be noted that in the
subsonic-wake case, there 1s a definite limilt to the value of the power
(Pc = Pc*) the disk can absorb isentroplcally. For the supersonic-wake

case, however, much larger amounts of power can be absorbed isentropicelly
by the disk.

RESULTS ANWD DISCUSSION

Ideal Solutions

Solutiong of the flow variasbles throughout the slipstream are pre-
sented in figures 3 to 8 for forward Mech numbers of 0.60, 0.70, 0.80,
0.85, 0.90, and 0.95. These results are presented as Mach murber and
as ratios of pressure, density, velocity (referred to free-stream condi-
tions ), and ratio of cross-sectional area of the slipstream (referred to
the area of the actuator disk), all as functions of the power disk-
loading coefficient P,.. The varistion of efficlency with P, is pre-

sented in the ssme figures as the pressure ratios. When the flow into
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the disk is subsonic (M < 1), the flow behind the disk (station 2) must

be subsonic, as will be shown later, and only the solutions for a sub-
sonlic wake were obtained. When the flow into the disk becomes choked
(Mi = l), golutions were obtained for both subsonic and supersonic flows

at station 2. TFor the subsonic-wake case, however, solutions can be
obtained only by introducing losses in the disk. All curves for solu-
tions with subsonic flow at station 2 are marked with plain symbols
while the curves obtalned for supersonic flow at station 2 are marked
with symbols having subscript s (figs. 5 to 8). Choked flow occurs

at the lower value of P, at which there is a sharp break in the curves.

There 1s a range of power disk-loading coefficilent for which both
subsonic and supersonic wakesg appear as alternative pogsibilities.
Since there is nothing in the equations to indicate which type of flow
might occur and which efficiency might be obtainable, the results were
studied to determine when the change from a subsonic wake to a super-
sonic wake could be expected. A supersonic waeke is possible for all
exit velocities for which a shock pattern exists at the exit or extends
downstream from the exit. The lowest supersonlic-wake Mach number which
can exlst 18 seen by anslogy with nozzle flow to correspond to the con-
dition of a normel shock immediately behind the actustor disk or at the
exit of a supersonic nozzle. In this caese, except for an infinitesimal
distance behind the actuastor disk, the wake flow 1s actually subsonic.
Consequently, the subsonic-wake calculations should be applicable to
this case and the losses which it 1s necessary to assume in order to
obtain a solution correspond to the losses in a normal shock at the
exit.

A direct calculation of the Mach mumber immediately behind the
disk for the case with a normal shock at the exit is difflcult to make
because the boundary pressure at the exit is not known at this stage of
the calculation. Bowever, since the subsonic~ and supersonic-wake calcu-
lations should give the same results (corresponding efficiencies and
powers are equsl) for the normal shock at the exit, the intersection of
the efficiency curves for the two types of solution (subsonic- and
supersonic-wake solutions) should correspond to the condition of a
normal shock at the exit. In figure 9, the Mach number behind a normal
shock is plotted against the Mach number in front of a normal shock (see
deta from table 3 of ref. 3); this relation is shown by the solid line.
The abscissas of the individual points (shown by symbols) which are
plotted in figure 9 asre the values of M, from the subsonic-wake solu-

tiong at the point of intersection of the efficiency curves for the
gubsonlc-wake and supersonic-wake sclutions. The ordinates of these
points are the velues of (Mfz)s teken from the supersonic-wake solutions

at the corresponding conditions. It is seen that the relation between
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the subsonic and supersonic values of M, at the point of intersection
of the efficiency curves is exactly that for a normsl shock.

The curves, figures 5 to 8, for all flow parameters are shown as
solid lines for the subsonic-wake solutions up to the transition value
of P, &and as dashed lines at higher values of P,- The solutions for

the supersonic wake are shown as sollid lines, begimning st the value
of P, for equal efficiencles from the two wake solutions and all higher

values of P,. At lower values of P., the solutlons for the supersonic

wake are shown as dashed lines and are presented only to show the range
of calculations.

The curves in figures 3 to 8 for compressible flow show two impor-
tent discontinuities of the flow parameters. The first discontinuities
occur at the value of P, at which M; = 1.0 which is called the

critical power disk-loading coefficlent and is designated as Pc*'

Choking cannot occur for the incompressible-flow case; therefore, the
mags flow can increase indefinitely as P, i1s increased, whereas for

compressible flow the mass flow reeches a maximum for a given forward
Mach number when the Mech number immedistely shead of the disk resaches
a value of 1.0. The second bresk in the curves cccurs at the value of
Pc vwhere the efficiency for the subsonic-wake solution is equal to the

efficiency for the supersonic-wake solution.

Curves for the supersonic-wake solutions are not lncluded for the
lower Mach numbers (figs. 3 and 4). In these cases extremely high
power disk loedings are required to choke the flow and supersonic calcu-
lations for choked flow were not presented asg 1t was felt the power dilsk
loadings were beyond the practical renge for propeller operation.

Pressure.- The pressure rise through the disk for cormpressible and
incompressible flow at power disk loadings below choking 1s compsred st
several forward Mach numbers in figure 10 for maximm-effliciency condi-
tions (mo profile losses). For a given value of P, and M,, the pres-

sure rise through the disk is much greater for compressible flow than
for incompressible flow. The fligure shows that the pressure rise for

compressible flow ie ( 1 3 times that for incompressible flow at
1-M¥

light power loadings. The (a) parts of figures 5 to 8 also show that,
for a given forward Mech number when the flow into the diegk reaches a
Mach number of 1.0, practically no additional pressure rise can be
obtained even for large increases in power for the subsonic-wake solu-
tions. The same figures also show a large decrease in pressure across
the disk for the supersonic-wake solutions.
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Density.~- The changes in density are similar to the changes in
pressure. :

Velocity and Mach number.- The veloclty changes are similar to the
Mach number changes throughout the slipstream. The velocity in front
of the disk 1s much greater than the incompressible-flow value and the
difference increases with P, up to choking. (See fig. 6(c).) The

most significant result is the great drop in velocity through the disk
for the subsonic-wake solution, and the great increase in velocity for
the supersonic-waske solution. The effect of forward Mach number and
power disk loading on the velocity immediately behind the disk i1s pre-
sented in figure 11 for the subsonic-wake case. This figure shows that
the velocity immediastely behind the disk is less than the free-sgstream
velocity for high subsonic Mach numbers for all power disgk loadings.

At lower free-stream Mgch numbers (e.g., Mg ~ 0.65 to 0.69) the velocity

behind the disk is greater than the free-stream velocity.

Figure 12 shows & comparlson of the average-velocity ratio through
the disk for incompressible and compressible flows up to choking. The
Vy + V.
average velocity through the disk -ELE-—E is higher for compressible

flow than for incompressible flow, and increases with P,. At low power
loadings, however, there is not much difference.

From the grest differences in the flow factors for incompressible
and compressible flow the use of conventional incompressible-flow theory
for propellers might be expected to give erroneous results in calcu-
lating propeller performsnce characteristics. Comparison of experimental
and calculated results, however, for propellers even at high subsonic
Mach numbers has shown remarksbly good agreement in over-all character-
istics for light loadings. Thils good agreement may be due to the feact
that the average of V; and V, for compressible and incompressible

flow 1is not greatly different for light power loadings. For high power
loadings, however, experimental propeller characteristics mey differ
greatly from calculations based on incompressible-flow theory.

Efficiency.~ Figure 13 shows the variation of efficlency with power
disk-loading coefficient for all free-stream Mach numbers for both the
subsonic- and supersonic-wake solutions. The changes in efficiency for
a glven free-gtream Mach number were discussed earlier in connection
with transition of the flow from a subsonic to a supersonic wake. The
drop in efficiency from the subsonic- to supersonit-wake case (tran-
sition drop) becomes less as the free-stream Mach number increases.
Consequently, at the high subsonic Mach numbers the efflclency level
is quite high for the supersonic wake case.
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In figure 13 one maximum efficiency point obtained in experiments
in the langley 16-foot transonic tumnel is included for a free-stream
Mach number of 0.96 and Po = 0.054 for comparison with actuator-disk

results. This efficiency falls between the lines representing the
subsonic-wake solutlon with the flow choked and the supersonic-wake
solution. This efficiency 1s about 16 percent lower than the ideal
efficiency calculated for the supersonic wake and this loss represents
approximately the blade profile-drag loss. The rest of the losses would
appear even without blade profile-drag losses and would show up as shock
losses in the wake. The efficlency and power disk-loading coefficient
obtained for thls propeller show that this propeller has a supersonic
wake immediately behind “‘the propeller plane. '

Effect of Additional Losses

Subgonic wake.- Important effects are produced wheh additional
losses are included in the analysis. These effects are shown in fig-
ure 1li for a forward Mach number of 0.85 and for values of PO/P of O,

0.1, 0.2, and 0.3 for the subsonlc-wake case. For a given value of P,
the deviation of the flow factors from the free-stream values decresses
as the profile losses are increased. For a fixed value of PO/P, the
1imit of the subsonic-wake solution occurs when the Mach number M; into
the disk reaches a value of 1.0. This 1imiting condition represents
choked flow. The locus of similer limlting polnts for all values of
PO/P is designated as the "choke line." The choke lines are shown as
dashed lines in figure 14. Once the flow becomes choked and the power
is increased, solutions can only be obtalned by the additlon of further
arbitrary losses in the disk, that is, choking occurs at higher velues
of Po. Transition of the flow from a subsonlc to a supersonic wake
mist occur somewhere along the choke lines.

The effect of additional losses on efficiency is shown in figure 15
for forward Mach numbers from 0.70 to 0.95 for the subsonic wake. The
varistion of efficiency for constant values of Py/P 1is shown by the

dashed lines. It can be shown thet the efficiency is glven by

N
p_=0
value of P, under consideration. As P, is increased above the value
required to choke the flow, the efficiency decreases rapidly.

P P
=1 - =2 vhere o is the value of 7 when -2 =0 for the
P o=0 P

Supersonic weke.- Similarly, for the supersonic-wake case, the
addition of profile-logses results in lower efficiencies than shown in
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figure 13. The value of Pg at which choking occurs will inerease with
an increase of profile loss and the transition of flow from a subsonic
to & supersonic weke will occur at some point along the choke line at a
higher value of P +than the transition for the zero-profile-loss case.

Previously, it was polnted out that the loss in efficlency associl-
ated with transition of flow from a subsonlc wake to a supersonic wake
decreases as the free-stream Mach number is increased. Consegquently,
it 1s evident that if sufficlent power is added to produce a supersonic
wake, even at a free-stream Mach number of 0.8, a very large loss in
efficlency results (from 96 percent down to 70 percent, see fig. 13).
The problem of particuler importance, then is the determination, if
possible, of methods to increase the efficiency by delaying the
adverse effects associated with choking the flow. This can be done
by the use of actuator disks in tandem.

Actuator Digks in Tandem

Solutions for actuator disks in tandem require knowledge of the
flow field between the disks. In order to simplify this problem, it
can be agsumed that the disks are widely spaced and that only the mass
flow passing through the first disk passes through the following disks.
In addition, it is assumed that the final wake condlitions of the leading
disk are teken as the free-gtream conditions of the following disk.
Such a configuration resolves the problem into the solution of & seriles
of single disks for which the solutions salready obtained for a single
disk can be used.

When a single actuastor disk is operating at 8 condition where it
is absorbing Just enough power to produce choking, the addition of more
povwer will produce a rapid decrease in efficiency. If, however, this
additional power were absorbed by a second coaxial disk located far
behind the first disk, 1t can be seen that the second disk could operate
at a high level of efficiency as long as the flow into it were not
choked. Consequently, the over-gll efficiency of the two disks would
be higher than for a single disk absorbing the same total power.

Solutions have been obtained for two, three, and an infinite num-
ber of disks in tandem using the methods presented in the appendix. No
attempt was made to present all the flow factors since only the effi-
ciency that can be obtained at high values of total power is of interest
in the following anslysis.

Calculations were made on the assumptlon that the flow through the
leading disk has just choked. Additional power 1s then added only to
the following disk until it becomes choked. The calculations were
terminated for a finite number of disks when the flow into the last
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digk became choked and, for an infinite number of disks, when the flow
of the final wake reached & Mach number of 1.0. In this process the
addition of power to any disk does not alter the flow conditions at any
preceding disk. Each added disk becomes smaller than the preceding
disk. This method of anslyslis was used for mathematical expediency and
does not affect the results. For the case being considered (Mb = 0.80),

the diameter of the second disk was reduced about 3 percent and that of
the third disk about 4 percent. The results of this analysis are pre-
sented in figure 16 for & forward Mach number of 0.80, as over-all
efficiency against power disk-loading coefficient based on total-power,
free-gtream conditions for the front disk and the area of the fromt
disk. The efficiency for tandem disks remains almost as high as the
incompressible efficiency and is conslderably higher than it is for the
single disk gbsorbing the same total power. The efficiency for the
tandem disks is lower than the incompressible value of efficiency
because the mass flow into the tandem disks remains fixed as the power
is allowed to increase. Choked flow for a single disk occurs at a value
of Pe = 0.174 and the further additlion of power results in a rapid
loss in efficiency until the flow changes from a subsonic to s super-
sonic wake. For tendem disks this repld loss in efficlency 1la delayed
until the flow in a1l the disks is choked. Choked flow occurs at

P, = 0.263 for two disks, P, = 0.319 for three disks, and P, = 0.58L

for an infinite number of disks.  Thus, a considerable increase in high-
efficiency power range results from the addition of one disk; further
increases in power range occur for additional disks but this gain
decreases as the number of disks is incresased.

Since 1t was possible to obtaln a high level of efflclency by
adding the power in more than one disk, 1t 1s obvious that the effi-
ciency obtained for a single actuator disk no longer represents the
optimum or 1ldeal efficiency for all operating conditions.

The use of closely spaced disks rather than widely spaced disks in
tandem represents a practical propeller configuration. Experimental
results show that final wake conditions are reached a short distance
behind propellers and it is believed the results obteined wilth widely
spaced disks are indicative of what may be expected for closely spaced
propellers. Tests are needed to determine the effect of spacing on the
performance of tandem propellers.

CONCLUDING REMARKS

Comparison of the incompressible- and compressible-flow phenomena
show large differences In the flow variables across the actuator disk.
For the case where only lsentropic flow 1s considered for an actuator
disk, the maximum efficiencles for compressible and Incompressible flow
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were found to be the same for power disk loadings up to those first
required to choke the flow.

When the flow becomes choked, the further addition of power pro-
duces a rapid logs in efficiency. This loss in efficiency 1ls associated
with the transition of flow immedistely behind the disk from subsonic to
supersonic flow. When the flow Immediately behind the disk is super-
sonlc, the rate of efficiency loss with power disk loading is similar
to but greater than that for Incompressible flow.

The use of actuator disks in tendem is one method of delsying the
large losses 1in effliclency assoclated with choked flow, especislly at
low values of Mach number and high loadings. A level of efficiency
almost as high as for incompressible flow could be maintained until the
flow in all disks became choked. It is obviocus, therefore, that a
gingle actuator disk gives the ideal efficiency only for power loadings
up to those required to choke the flow.

Langley Aeronzutical laboratory,
Nationgl Advisory Committee for Aeronsutics,
Langley Field, Va.
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APPENDTIX
SOLUTION OF SPECTAL CASE OF ACTUATOR DISKS IN TANDEM

For coaxial actustor disks in tandem any two successlive disks are
assumed to be far enough apaert so that the final wake conditions of the
front disk may be assumed to be the free-gstream conditions of the fol-
lowing disk. The problem is simplified by the assumption that there are
no profile or shock losses incurred. In addition, only the mass flow
passing through the first disk is assumed to pass through all the disks.
This assumption requires that the area of the second disk be smaller
than the area of the first dlsk and Jjust the right size to work on all
the mass flow. These asgsumptions make possible the use of solutions
already presented for the single actuator disk. Considerations similar
to those of reference 4 show that the form of the general momentum equa-
tions involving thrust and boundary forces for thils case remsins the
same and that the net boundary force is zero when the static pressures
far in front of and far behind the acturator disks are the same. Fig-
ure 17 1s s sketch of the stations used in this analysis.

The over-all thrust of the system is given by

T = m(V3 - Vog) (1)
where V3R is the final wake velocity of the rear disk and VOF is the

free-stream velocity of the front disk. The power AP added to the
stream by any single disk is given by the change in energy from its
free-gstream to its final-stream condlitions. Considering only an
igsentropic flow process this power is glven by

(&), - 3057 - v, (@)

where the subscript n refers to.the nth disk. The total power P for

all disks is given by
Py ()
o m/y (3)

1
where t equals total number of disks. It can be shown that

I% B %(V3Rz - VOFZ) ()
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The total power disk-loading coefficlent based on the free-stream condi-
tions of the front disk and the areas of the front disk is given by

(B)=
2"0p Op "1p
which reduces to
2
P = fg XEE— -1 (5)
¢ AyJly. 2
\"Op .

The over-all efficlency is given by

. m<V3R - VOF)VOF

which reduces to

e —2 (6)

For isentropic flow the final static pressure and density are the
gsame es the initial free-stream values; consequently, equation (5)
reduces to

2

Ao\ [Y3r
P, = <A_1) R (7)

F\"op

and equation (6) reduces to

n=—2__ (8)

Equations (7) and (8) permit the calculation of the maximum perform-
ance for disks in tandem with isentropic flow throughout the stream. For
these conditions the maxImm velue of MgR can be 1.0 for an infinite
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Ao

number of disks and the maximm value of <K_) i1s the value when the
1
F
flow into the front disk is choked. Under these conditions the maximum

values of P, and 1 then become

Fomax ~ (%)Fm@;f i ) ©)

and

= — (10)
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